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Rooted trees, their boundaries, and groups acting on them.

On classification of inductive limits of direct products of
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Rooted trees, their boundaries, and groups acting on them

Groups which we study in this section:

The isometry group of ∂T = The isometry group of T = The
automorphism group of T

Homogeneous symmetric group of ∂T

The locally isometry group of ∂T= Product of the isometry
group of ∂T and homogeneous symmetric group of ∂T

The group of measure-preserving homeomorphisms of ∂T ⊃
The locally isometry group of ∂T .
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Definitions

Figure: Spherically homogeneous rooted tree

n-th level is the set Vn(T ) = {v ∈ V (T ) : d(v0, v) = n} .
Spherical index is the sequence Θ = (a0, a1, . . .).
Characteristics is the supernatural number Ω(Θ) =

∏∞
i=0 ai .
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Rooted trees, their boundaries, and groups acting on them

Definitions

Boundary of rooted tree

An end of a rooted tree is an infinite path starting in the rooted
vertex and having no repetitions.
Cylinder set: Uv = {x ∈ ∂T | v ∈ x}, v ∈ V (T ).
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Rooted trees, their boundaries, and groups acting on them

Definitions

Let λ̄ = {λn}∞n=1 be a strictly decreasing sequence of positive
numbers tending to zero. We can introduce a natural ultrametrics
on ∂T by putting ρ(x1, x2) = λn, where n is the length of the
maximal common part of the paths x1 and x2.
The topology induced by the metrics ρ (or for convenience λ̄) is
compact, totally disconnected and has a base of open sets (balls or
cylinder sets) of the following form

Uv = {x ∈ ∂T | v ∈ x}, v ∈ V (T ).

This compact ultrametric space will be denoted by (∂T , λ̄) or
simply by ∂T .
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Rooted trees, their boundaries, and groups acting on them

Definitions

Bernoulli measure (measure on cylinder sets) on boundary
of rooted tree
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Definitions

Weakly branch groups

An isometry group is said to be level-transitive if it acts transitively
on all levels.

Definition

Let G ≤ IsomT be an isometry group of the tree T . Then for
every vertex v ∈ V (T ) the set of all isometries g ∈ G fixing all
vertices outside the subtree Tv is called the vertex group (or the
rigid stabilizer of the vertex) and is denoted by ristG (v) = rist(v).

Definition

A level-transitive isometry group of a rooted tree is said to be
weakly branch group if | rist(v)| = ∞ for every v ∈ V (T ).
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Rooted trees, their boundaries, and groups acting on them

Definitions

Rigidity of weakly branch groups

Theorem

Let G1 and G2 be weakly branch automorphism groups of
spherically homogeneous rooted trees T1 and T2 respectively. If
φ : G1 −→ G2 is an isomorphism of abstract groups, then there
exists a measure-preserving homeomorphism F : ∂T1 −→ ∂T2 such
that

φ(g)(F (w)) = F (g(w))

for all w ∈ ∂T1 and g ∈ G1, i.e., such that φ is induced by F.

Theorem

Let Gi ≤ IsomT be weakly branch groups and let φ : G1 −→ G2

be a saturated isomorphism. Then φ is induced by an
automorphism F of the rooted tree T .
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Rooted trees, their boundaries, and groups acting on them

Definitions

Corollary

The isometry group of spherically homogeneous rooted tree is
complete.

The isometry groups of spherically homogeneous rooted trees
are isomorphic if and only if corresponding trees are isometric
for some metrics.
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Rooted trees, their boundaries, and groups acting on them

Definitions

Metrics on the homeomorphism group

We can introduce metrics on the homeomorphism group using
metrics ρ (i.e. λ̄) on the compact space ∂T putting

ρ̄(g , h) = max
x∈∂T

ρ(xg , xh)

for all g and h in Homeo ∂T .



Groups acting on the spaces of the Bratteli diagram paths

Rooted trees, their boundaries, and groups acting on them

Example. Homogeneous symmetric (alternating) groups

Homogeneous symmetric group

S(∂T ) =
∞⋃

i=1

S(∂T , i)

The group S(∂T ) is an example of non-finitary locally finite group.
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Rooted trees, their boundaries, and groups acting on them

Example. Homogeneous symmetric (alternating) groups

Normal structure of symmetric homogeneous groups

Theorem (Kegel)

1 S(∂TΘ) = A(∂TΘ) iff Ω(χ) is divisible by 2∞.

2 If Ω(Θ) is not divisible by 2∞ then [S(∂TΘ) : A(∂TΘ)] = 2.

3 A(∂TΘ) is the commutator subgroup S(∂TΘ).

4 A(∂TΘ) is a simple group.
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Rooted trees, their boundaries, and groups acting on them

Example. Homogeneous symmetric (alternating) groups

Isomorphisms of homogeneous symmetric groups

Theorem

S(∂TΘ) and S(∂Tχ) are isomorphic if and only if

char(Θ) = char(χ).
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Rooted trees, their boundaries, and groups acting on them

Example. Homogeneous symmetric (alternating) groups

Automorphisms of homogeneous symmetric groups

Theorem

Every automorphism of the group S(∂T ) is locally inner.
The automorphism group of the subgroup A(∂T ) coincides with
the automorphism group of the group S(∂T ).
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Rooted trees, their boundaries, and groups acting on them

Locally isometry groups

Local isometries

Definition

A bijection is called local isometry if in some neighborhood of each
point it acts as an isometry. More precisely, let (X1, d1) and
(X2, d2) be metric spaces. A bijection

α : X1 → X2

is called local isometry if for every x ∈ X1 there exists a
neighborhood Ux of x such that for every x1, x2 ∈ Ux the following
equality holds

d2(x
α
1 , xα

2 ) = d1(x1, x2).

It is clear that the set of local isometries of a metric space (X , d)
forms a group.
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Rooted trees, their boundaries, and groups acting on them

Locally isometry groups

Decomposition of the locally isometry group into product
of its subgroups

Theorem

The group LIsom ∂TΘ is decomposed into product of Isom∂TΘ

and S(∂TΘ).
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Rooted trees, their boundaries, and groups acting on them

Locally isometry groups

Normal structure of the locally isometry group

Theorem

Every normal subgroup of the group LIsom ∂TΘ contains
commutator subgroup ((LIsom ∂TΘ)′ = (Isom∂TΘ)′A(∂TΘ)).



Groups acting on the spaces of the Bratteli diagram paths
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Locally isometry groups

Automorphisms of the locally isometry group

Theorem

The group LIsom ∂TΘ is complete.
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Rooted trees, their boundaries, and groups acting on them

Locally isometry groups

Isomorphisms of the local isometry group

Theorem

Let T1 and T2 be locally finite rooted trees such that the groups
of the local isometries act on their boundaries transitively. The full
local isometries groups of (∂T1, µ̄1) and (∂T2, µ̄2) are isomorphic
if and only if (∂T1, λ̄1) and (∂T2, λ̄2) are locally isometric for some
metrics λ̄1 and λ̄2. In other words there are positive integers i and
j, such that for every natural s the equality holds

|Vi+s(T1)| = |Vj+s(T2)|.
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Rooted trees, their boundaries, and groups acting on them

Groups of measure preserving homeomorphisms

Groups of measure preserving homeomorphisms

Let M be the set of all homeomorphisms of ∂T that preserve the
Bernoulli measure. It is clear that the set of such homeomorphisms
forms a group.

Theorem

The group M is the closure of S(∂T ) in the topology induced by
the metrics ρ̄.

ρ̄(g , h) = maxx∈∂T ρ(xg , xh) for all g and h in Homeo ∂T .
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Rooted trees, their boundaries, and groups acting on them

Groups of measure preserving homeomorphisms

Automorphisms of the groups of measure preserving
homeomorphisms

Theorem

If subgroup G of M contains weakly branch subgroup, then every
automorphism of G is induced by an element of M, that is
Aut(G ) ' NM(G ).

Corollary

The group M is complete.
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Rooted trees, their boundaries, and groups acting on them

Groups of measure preserving homeomorphisms

Isomorphisms of the groups of measure preserving
homeomorphisms

Theorem

Let T1 and T2 be spherically homogeneous trees. The following
conditions are equivalent:

1 M(∂T1) 'M(∂T2);

2 S(∂T1) ' S(∂T2);

3 The characteristics of the spherical indexes of T1 and T2 are
equal.
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On classification of inductive limits of direct products of
alternating groups
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On classification of inductive limits of direct products of alternating groups

On classification of simple locally finite groups. Background

On classification of simple locally finite groups

Classification of locally finite simple groups is very far from being
complete, but class of finitary groups were studied in detail.
A finitary linear representation of a group G is a linear
representation ρ such that for every g ∈ G the kernel ker(1− ρ(g))
has finite co-dimension. A group is called finitary linear if it has a
faithful finitary linear representation.
It is known comlete list of possible finitary linear groups.
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On classification of inductive limits of direct products of alternating groups

On classification of simple locally finite groups. Background

The non-finitary locally finite simple groups are understood much
worse. There exists a rough division of this class into groups of
“1-type, or ∞-type, or p-type”. This division uses the notion of a
Kegel cover, defined in the following way.
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On classification of simple locally finite groups. Background

Definition

A set of pairs {(Hi , Mi ) | i ∈ I} is called a Kegel cover for a locally
finite group G if, for all i ∈ I , Hi is a finite subgroup of G and Mi

is a maximal normal subgroup of Hi , and for each finite subgroup
H of G there exists i ∈ I with H ≤ Hi and H ∩Mi = 1. The
groups Hi/Mi , i ∈ I , are called the factors of the Kegel cover.

Every simple locally finite group has a Kegel cover. Using Kegel
covers many questions about locally finite simple groups can be
transfered to questions about finite simple groups.
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On classification of inductive limits of direct products of alternating groups

On classification of simple locally finite groups. Background

Definitions of classes of non-finitary simple locally finite
groups

A non-finitary locally finite simple group is said to be of
1-type if every Kegel cover of G has a factor which is an
alternating group.

If p is a prime, then G is of p-type if G is non-finitary and
every Kegel cover of G has a factor which is isomorphic to a
classical group defined over a field of characteristic p.

A non-finitary locally finite simple group is said to be of
∞-type if for any class G of finite simple groups, such that
every finite group can be embedded into a member of G, there
exists a Kegel cover of G all of whose factors are isomorphic
to a member of G.
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On classification of inductive limits of direct products of alternating groups

On classification of simple locally finite groups. Background

U. Meierfrankenfeld and S. Delcroix proved that if G is a locally
finite simple group then exactly one of the following possibilities
holds:

1 G is finitary;

2 G is of 1-type;

3 G is of p-type for a unique p;

4 G is of ∞-type.
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On classification of inductive limits of direct products of alternating groups

On classification of simple locally finite groups. Background

An important class of groups of 1-type are the inductive limits of
direct products of alternating groups with respect to
block-diagonal embeddings (also called LDA-groups). The class of
such groups does not exhaust the class of groups of 1-type, but the
structure of an arbitrary group of 1-type seems to be similar to the
structure of an LDA-group.

Definition

LDA-groups are direct limits of direct products Hi = Ai1× . . .×Airi

(i ∈ N) of finite alternating groups Aik = Alt (Xik) such that, for
all i < j , every non-trivial orbit of any Aik on any Xjl is natural.

The LDA-groups can be defined in the terms of Bratteli diagrams.
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Example

Figure: A Bratteli diagram
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On classification of inductive limits of direct products of alternating groups

Classification

We classify locally finite groups, which are inductive limits of direct
products of alternating groups with respect to block-diagonal
embeddings. This class of groups includes a well known class of
simple locally finite groups (so-called LDA-groups). We show that
two such groups are isomorphic if and only if the AF-algebras
defined by the respective Bratteli diagrams are isomorphic. Then
the classical results on classification of AF-algebras can be applied.
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On classification of inductive limits of direct products of alternating groups

Classification

In fact, the proof is not so complicated, but it combines into one
four powerful technics. Namely,

construction of space of paths of the Brattely diagram

the technics of reconstruction of topological spaces from their
groups of homeomorphisms

the technics of crossed products

classical results on AF-algebras.
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